In this article we give application of closure operators to category of modules. Our main result shows that every subcategory A of R-mod (under a mild condition) induces a torsion theory of R-mod.
Notion of closure operators(operations, systems, functions, relations) is known to us from algebra. logic, lattice theory and topology. Categorical view of closure operators play an important role in various branches of mathematics. In an arbitrary category X with suitable axiomatically defined notion of subobjects, a (categorical) closure operator c is defined to be a family (c X ) X∈X satisfying the properties of extension, monotonicity and continuity. Concept of closure operators induced by a subcategory A of Top was introduced by Salbany in 1976 and have been studied by many researchers in a variety of situations. Closure operators are proved to be useful in study of Galois equivalence between certain factorization systems. In category of R-mod of R-modules closure operators correspond to preradicals. For more details, see [2] .
In section 2, we present characterization of R-mod homomorphisms in terms of regular closure operators. Using these characterization we establish that every subcategory A of R-mod (under a mild condition) induces a torsion theory of R-mod [Theorem 2.3]. Some useful applications of these characterizations to free ideal rings are also given. Subcategories are always assumed to be full and isomorphism closed.
Preliminaries
Throughout this paper we consider a category X and a fixed class M of monomorphisms in X which contains all isomorphisms of X . It is assumed that • M is closed under composition; • X is finite M-complete.
A closure operator c on the category X with respect to class M of subobjects is given by a family c = (c X ) X∈X of maps c X :
For each m ∈ M we denote by c(m) the c-closure of m. 
Closure Operators in category of modules
In this section we will see application of closure operators in category of modules. Let X = R-mod the category of R-modules and let M be the class of all monomorphisms of X . In this Case X is M-complete. Recall that by a linear function f on an R-module M we mean an R-module homomorphism f : M −→ R. Let A be a subcategory of R-mod. Next we relate the A-regular closure operator defined in the beginning of this section with torsion theory of R-mod in sense of [3] . Recall that by a free ideal ring we mean a ring R with the property that all their (one-sided) ideal are free as left module (resp. right module) of unique rank. In what follows, A is assumed to be a subcategory of R-mod whose objects are firs(semifirs or n-firs)( [1] ). An R-module M is said to be bounded if Hom R (M, R)) = 0 Proposition 2.6 Let N be a submodule of M . 
Proof. Obvious. 2
Clearly bounded modules form a torsion class in above sense.
